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ABSTRACT 

We show that the moduh space of supersymmetric black holes that arise in the 
five-dimensional N = 2 supergravity theory with any number of vector multiplets is 
a weak HKT manifold. The moduli metric is expressed in terms of a HKT potential 
which is determined by the associated very special geometry of the supergravity 
theory. As an example, we give explicitly the black hole moduh metric for the STU 
model. 



1. Introduction 

In the last few years, there has been much interest in supersymmetric black 
holes in five dimensions. This is because of the Strominger and Vafa [1] microscopic 
derivation of the Bekenstein-Hawking entropy for a class of such black holes. The 
low energy description of M-theory compactifications on six-dimensional Calabi- 
Yau manifolds [2, 3] and heterotic string theory compactifications on K'^ x S^ [4] 
is given by A^ = 2 supersymmetric five-dimensional supergravity theories (eight 
supercharges) coupled to vector and scalar multiplets [5]. A novel property of 
the N = 2 supergravity theories, as shown by B. de Wit and A. van Proeyen in 
[6], is that the couplings of the vector multiplets can be determined in terms of 
geometric data on very special manifolds. These theories admit electrically charged 
supersymmetric black hole solutions which preserve 1/2 of supersymmetry. Sabra 
and Chamseddine in [7] have shown that these black holes can be described in 
terms of the underlying very special geometry. 

Viewing the supersymmetric black holes as the EPS soliton solutions of su- 
pergravity theories, their low energy dynamics can be approximated by geodesic 
motion in a moduli space. Some black hole properties like low energy scattering 
and the presence of bound states can be investigated by studying the geometric 
structure of the moduli spaces. In turn these may have applications in the under- 
standing of M-theory and its compactifications and perhaps provide another way 
of deriving the Bekenstein-Hawking entropy formula. Recently it has been realized 
that the black hole moduli spaces exhibit geometric structures that are related to 
those that appear on the target spaces of one-dimensional supersymmetric sigma 
models [11]. This is because the low energy effective theory of black holes, which is 
an one-dimensional sigma model, has as many supersymmetries as those preserved 
by the associated solutions [12, 13]. An example of such geometry is that of hyper- 
Kahler with torsion (HKT) [14] which arises in a class of one-dimensional sigma 
models with four supersymmetries based on the A^ = 43 multiplet; for applications 
in mathematics see Grantcharov and Poon [15]. In particular, it has been shown in 



[13] that the moduh space of five-dimensional black holes that preserve 1/4 of the 
maximal supersymmetry is a strong HKT manifold. Michelson and Strominger in 
[16] extended this to five-dimensional black holes which preserve 1/8 of supersym- 
metry and are electrically charged with respect to the gauge vector potential of 
the supergravity multiplet. In particular, they established that the moduli space 
of these black holes admits a weak HKT structure. 

In this paper, we investigate the moduli space of electically charged black holes 
of five-dimensional N = 2 supergravity with any number of vector multiplets. We 
show that the moduli space is a weak HKT manifold. This is in agreement with the 
counting of the number of unbroken supersymmetries of the black hole solutions 
and the expected A^ = 43 multiplet structure of the effective theory. The HKT 
metric can be expressed in terms of a HKT potential 



fi= I d'^xe^^ (1.1) 



where U is determined by the very special geometry of the supergravity theory. 
In this way, we establish a relation between the very special geometry that arises 
in A^ = 2 supergravity theory and the weak HKT geometry that arises in one- 
dimensional supersymmetric sigma models. We give as an explicit example the 
moduli space metric of the black holes that arise in STU model associated with 
the K^ X S^ compactification of the heterotic string. 

This paper is organized as follows: In section two, we describe the supersym- 
metric electrically charged black hole solutions of A^ = 2 five-dimensional super- 
gravity theory and establish our notation. In section three, we give the black 
hole moduli metric and show that it is weak HKT. In section four, we present an 
example associated with the STU model and in section five we give our conclusions. 



2. The Black Holes of Five-Dimensional Supergravity 

In this section we shall review some facts about very special geometries and 
their applications to five-dimensional supergravity. The bosonic part action of 
five-dimensional N — 2 supergravity with k vector multiplets is associated to a 
hypersurface A^ of M defined by the equation 

V{X) = \cijkX'X^X'^ = 1 (2.1) 

where {X^\ I = 1, . . . , A;} are standard coordinates on M and Cjjk are constants. 
In the case of a model arising from a Calabi-Yau compactification of M-theory, the 
constants Cijk are the topological intersection numbers of the compact manifold. 
Next we set 

^ dx' dxJ . ^^-^^ 

where {(j)"'] 2 = 1, . . . , A; — 1} are local coordinates of N , h is interpreted as a metric 
on A^ and 

Xi = IcukX^X"^ (2.3) 

D 

are the dual coordinates to X^ . Note that the hypersurface equation V — \ can also 
be rewritten as X^Xj = 1. Then, the bosonic part of the associated supergravity 
action [6] with vector potentials A and scalars (/)" is 

-' ^ (2.4) 
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-e 



'''''"'' CijkF',F\,A^ 



where F^ = dA^ , I,J,K = l,...,k are the 2-form Maxwell field strengths, 
fijV, p,a — 0, . . . ,4, and g is the metric of the five-dimensional spacetime; we have 
used the same symbol 0" to denote both the coordinates of A^ and the various 
scalar fields of the theory. 



The field equations of tlie above Lagrangian obtained from varying tlie scalars 
b"", tlie spacetime metric g, and the vector potentials A^ are 

^/^gdaQuilF'^.FJ^" + d^X'd^'X'J] - 2d^,{y/^gQijd^X')daX'J = , (2.5) 



V^{G^,u + QijF\pF\' + Qijd^,X^d,X-^) 
~99A\QijP' P-P'"' + QijdpX'd^X'] = , 



(2.6) 



and 



-25^ [V^gQijF'^''] - \e''P''^^'CijKF\.F^^r = , (2.7) 



respectively. The electrically charged black hole solutions [7] that preserve 1/2 of 
supersymmetry of A^ = 2 supergravity action (2.4) are 

A\ = e-2^X^ (2.8) 

where 

is a harmonic function on M with Nj centres. Viewing e^ as an additional scalar, 
the last equation in (2.8) gives the k independent scalars {e^,(/)"} in terms of 
the k harmonic functions {Hj}. In what follows, we shall assume that the black 
hole solutions exist, i.e. that the scalars and the components of the metric can 
be expressed in terms of the harmonic functions. However, this depends on the 
existence of solutions of the stabilization equations (see [8]). 

A special class of solutions are those for which the positions of the diflferent 
harmonic functions are the same , i.e. y/^ = yj^ for I ^ J. The associated black 
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hole solutions are of interest since they exhibit regular horizons [9, 10]. The moduli 
metric of these black holes can be easily found as a special case of that of the more 
general solution (2.8) above. 

The source term associated to the solution (2.8) is 

Ssource = 2V3 / d'^ X '^ (Iti a5 {x - yiA){X^XlA " ^^ ^l>^IA-T^^) , 
'' I,A ^^^ 

where V3 is the volume of the unit three sphere, 



(2.10) 



^-^f*"^^"' ,2.11, 



and we have set y^^ = t. The addition of (2.10) is due to the presence of non- 
vanishing delta function sources as |x — y/^| -^ 0. 

3. The moduli metric 

The moduli space of the black holes (2.8) reviewed in the previous section 
is expected to be a weak HKT manifold. This is because that although these 
solutions (2.8) include those that have been used in [16] as a special case, in both 
cases the killing spinor equations impose to the same conditions on the killing 
spinors. Consequently, in both cases the sigma models that prescribe the low 
energy dynamics have the same type of multiplet. The relevant multiplet in this 
case is the A^ = AB which is associated with the weak HKT geometry [11, 13]. 
In many moduli problems, much of the geometric structure on the moduli space 
is induced from the geometric structure of the underlying space(time). For the 
black holes (2.8), the spatial transverse space is M and so it admits a (constant) 
hypercomplex structure. The hypercomplex structure of the HKT moduli space is 
induced from that of M . 



To compute the metric on the black hole moduli space, we follow [17, 18, 19] 
and allow the positions y/^ to depend on time, i.e. 

yiA -^ yiA{t) ■ (3.1) 

In addition, we perturb the metric and the gauge potentials as 

(3.2) 



ds"^ -^ d.'P' + 2e-^'^pmdtdx"' 



Aldt -^ Aldt + {D^^ - e-^'^X^pm)dx''' 

where we take pm and Dm to be first order in the velocities and we have set 
x^ = (f,x™), m,n = 1,...,4. The scalar fields are not perturbed linear in the 
velocities. The pm and D^m will be determined by solving the supergravity field 
equations. 

Next we solve the supergravity equations taking into account the source terms 
to first order in the velocities. The relevant equations are those of the gauge vector 
potential and those of the metric. The field equation of the scalars vanishes to the 
first order in the velocities. For convenience, we define 

Jmn ^ dmPn OnPm 

(3-3) 

Substituting the ansatz (3.2) into the field equations and collecting the terms linear 
in the velocities, we find 

1 



-2a™(e-2^Q„/^™") - -e"'-^'"a.(Cwe-2^X^)/V; 



^ A 



+^e-6^a™ (/„„)] = F3 J;x'A/a(5(x - yiA)viA n 

I,A 



(3.5) 



where indices are raised and lowered with respect to the Euclidean metric on M . 



To derive the above equations, we remark that from the field equations of the 
metric and those of the gauge field only the On and the n components contribute, 
respectively. We have also used the identities 

9o5„(e2^) = ^X'dodnHi + e^'^dnXidoX' . (3.6) 

Next we contract the field equation (3.4) with -^X^ and subtract it from (3.5). 
This gives 



5™[e-6^(r"-^e™"''Vr^) 



Solving this equation for p, we find 



and 



(3.7) 



Substituting the expression for p back into (3.4), we find 

i?-^" = -y [ ^^^ ix-zP "^" [B'"{d''Ki'' - d^'K/ + t'^'^'diKis)] , (3.9) 
where B'^^ is the inverse of the matrix 

Bu = e-^^{2CijKX'' - 9XiXj) (3.10) 



^ |x-y/Ar 



It remains to calculate the moduli metric. For this, we must substitute the 
solutions (3.8) and (3.9) into the action including the source term and collect the 



terms S^"^' and 58011106 which are quadratic in the velocities up to surface terms. 
The second order term in the source free action is 

5(2) ^Jd'x [3e'U{doe'Uf + ^e-6^/™^/™" + ^e'^doXidoX' - {d,D\)d-Hi 
1 "^1 

I „— 2(7,0 ^I tJmn „— 4(7 -i^ fl rmn „—2Ur~t vK mnri _fl rj 

+ 06 QlJJmnJ - o^ XiJjnnJ " q^ '^URX £ JmnUi 



2 ■^^-■'"luj 2 

Q 1 

+ -e Alt JmnJri " T^ e Jmnjri\ 



and 



^ 3 



(3.12) 



and upon substituting the solution gives 

5(2) ^-jd'x \e'Ux'd,d,Hi + ^-Bij [/L/-""" + ^e™"'^VL//^] • (3.13) 
The second order contribution from the source terms is 

5ioLe = -F3 / d^x Y, S{^ - yiA) [X^A/aI v/Ape^^ + 2D^„Aja«/a™] • (3.14) 
Adding (3.13) and (3.14) and using 

-2 J d^X F3 Y. D'mhAVlA'^Si^ - yia) 

= - / d xBijyf^^J "*" 2^ fmnfrii 



(3.15) 



B'Jdf^Xj = h?^d^X' (3.16) 

d.B^'Xj = \d,e^^X^ + \e'^d,X^ , 
we find that 

9(2) , c(2) _ 
•J ^ *Jsource — 

J d''x[-VsY^'^iA\^iA\'e'''5{^-yiA) - K.Mdr{B'^d'Ki") (3.17) 

+B'J {doHidoHj - drKjnd^Kf) + i?^-^e™^^5.irj„a^/^/,] . 

^From this we can easily read the moduli metric which turns out to be weak HKT. 
To see this, let (Ig) be the triplet of constant complex structures on M satisfying 



the algebra of the imaginary unit quaternions which are associated to self-dual 
2-forms on M . Then 



3 

s=l 



9mIA nJB = dmIAdnJB /^ + /_^ (h) mihYndeiAdqJB M (3.18) 

where 

fi= f d^xe'^^ (3.19) 

is the HKT potential and e given in (2.8); for a discussion about HKT potentials 
see [20, 15]. To show this, we have used 
3 

/ ^ {-l-s) m\-is) n ^ OjTmO Om On (^mn j [o.ZUj 

s=l 



dmiAie^^) = ^X'd^iAHi , (3.21) 



(no sum over /) and 



dmJAX' = -2e-'''B''dm i ^'^ ,, )+le-'^X^X'dm i ^'^ „ ) . (3.22) 

(no sum over / and J) . For a generic choice of very special geometry and a generic 
choice of a black hole solution, the torsion of the HKT geometry is not a closed 
form. So the moduli space of the N = 2 supergravity black holes is a weak HKT 
manifold with metric (3.18) and hypercomplex structure {Is}- We remark that 
the moduli metric (3.18) has a term symmetric and a term anti-symmetric in the 
spatial spacetime indices. The anti-symmetric piece can be written in a basis of 
anti-self-dual two-forms in R . Such HKT geometries have been considered in the 
past [21]. 

The moduli metric of the black holes associated with harmonic functions which 
have the same positions is also given by (3.19). However in the expression for 
the HKT potential the corresponding harmonic functions are used. The moduli 
metric is again given by (3.18) but the derivatives are taken with respect to the 
independent positions y^ of the harmonic functions. 



4. Examples 

One possibility is to consider black holes that are coupled to a single one-form 
gauge potential. For this we choose 

Cm = 1 . (4.1) 

The corresponding action (2.4) is that of a pure five-dimensional supergravity mul- 
tiplet which has bosonic fields a graviton and an one- form gauge potential [22] . We 
remark that our metric in this case is in agreement with that of [16]. 

Alternatively, we can consider the moduli space of black holes that are coupled 
to different one-form gauge potentials. To give an example, we shall describe in 
detail the metric on the moduli space of black holes of the STU model. This model 
arises in the context of compactifications of the heterotic string on K^ x S^ and 
the associated very special geometry has been presented in [23]. In this case, we 
take I, J, K — 1,2,3 and the non- vanishing component of C is 

Ci23 = 1 • (4.2) 

Then, X^ and e^^ are expressed in terms of the harmonic functions as 



H2' 



Similarly, the non-vanishing components of B^^ are 



^'' = :^^3 



B^^ = -H2 (4.4) 



523 = 1H 



2 
10 



2 
1 



Substituting these into the expression for the moduli metric, we find 

ds'^ = -V3 [/i2/l3 ^ >^lA\dyiA? + hih^ ^ A2A|rfy2Ap + hih2 J2 ^3A\dy3A\'^] 
AAA 

-"1^3/12 y^i 7n\dyiA - dysBl"^ - VshiS^ 7n\dy2A- dyssl 

^\yiA-y3Br f^\y2A-y3Br 

-Vs/isy" I 7n\dyiA - dy2B\'^ 

f^ \ylA-y2Br 

~o^3 yZ >^lA>^2Bhc\dyiA- dy2B\'^[-, To] To 

2 /^^ '|yiA-y3cr|yiA-y2Br 

1 1 

+ 1 



2 



|y2B - y3cP|y2B - yiAp |yiA - y3cP|y2B - y3cp- 

'0^3 /^ hc^2A^3B\dy2A- dy^Bl [] fol 7n 

2 /^^ '|y2A-yicr|y2A-y3Br 

1 1 

+ 1 



lyas - yicP|y3B - y2Ap |y2A - yicP|y3B - yicp- 

"0^3 Y] hA>^2ChB\dyiA-dy3B\'^[- r^^ r^ 

2 /^^, '|yiA-y2cr|yiA-y3Br 

1 1 

+ -, 



|y3B - yiAp|y3B - y2cP |yiA - y2cp|y3i? - y2cP" 



+2 fd'x Y^ ^^^^^^^{dy2A^-dy3B-rdm{^^^2)dn{^^^) 

J ABC '^"^i^^l |x-y2Ar \x-y3Br 

+2 [d'x Y: ^;^^^^^{dy3A^"'dy^B-Yd^{-^--,)d4^^,) 

+2 fd^x Y: ]'''^'^^]2 idyiA^"'dy2B'Tdm{ . ' j a.( | ' 12 ) 
J /^^ |x-y3cr |x-yiAr' ^\x-y2Br 

(4.5) 
where 

(rfy2A["rfy3B"l)" = ^y2A["rfy3i?"l - le"'\sdy2A^'dysB''^ (4.6) 

and similarly for the rest. Observe that the moduli metric has the general structure 
of HKT metrics considered in [21]. 

The moduli metric indicates that there are up to three body interactions. One 

11 



possible explanation for this is that these black holes are in the same universality 
class as the black holes that are made from three intersecting branes in the case 
of toroidal compactifications of M-theory to five dimensions. In both cases the 
black holes preserve the same fraction of maximal supersymmetry. So the three 
body interactions refiect the fact that the black holes are made from three different 
objects. 

Now consider the case of three black holes each coupled to a different one-form 
gauge potential. One might have expected that the moduli metric simplifies in this 
case in analogy with a similar situation in the context of BPS solitons but this does 
not seem to be the case here. This might be due to the fact that the two scalars 
involved in the model have non-trivial interactions in the action. 

Finally, the moduli metric of STU black holes for which the associated three 
harmonic functions have the same positions, i.e. yiyi = y2A = YsA = YA, is 

L"-2"'3^1yl -I- inii'3^2A -T "-l"'2/^3AJ \^y A^ 
A 

\dyA -dysl^ 



ds^ = -V3 ^ [h2H\iA + hih3X2A + hih2X3A] \dyA\ 
A 

-V3 2^ [^2AiaA3_b + hiX2A^3B + /13AiaA2_b] 



A^B .YA-YbP 

-^^3 2_^ [hA^2B^'3C + hc^2A^3B + hA^2C^3B]\dyA- dysl 



A^B,C 



1 1 1 

+ 



|yA -ycPlyA -ysp lys -ycplys -y^p lyA-ycPIyi? -ycP 

+ 2 2_^ d x[Xic^2A^3B + ^2C^3A^1B + ^3C^1A^2b] 

A^B^C •' 

idvA^^'dyB''- 



\ 12 ^™(| 12)'5"(| 12) • 

(4.7) 

More recently, new examples of five-dimensional black holes have been found 
[24] following the existence of new solutions of the stabilization equations in [8, 
25]. The black hole moduli metric can be computed in this case as well. It would 
be of interest to find how the moduli metric changes in the various transitions. 
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5. Concluding Remarks 

We have computed the moduh metric of five-dimensional black holes of A^ = 2 
supergravity coupled to any number of vector multiplets. We have found that the 
moduli space is a weak HKT manifold. One can investigate the near 'horizon limit' 
of our moduli metric as in [16]. In particular, we examined the near horizon limit of 
the STU model moduli metric (4.5) that we have presented in the previous section. 
We found though that the moduli metric appears to be singular in this limit. This 
may be due to fact that the associated black holes do not have a regular horizon. 
However, it is expected that some examples of moduli metrics will exhibit a well 
defined near horizon limit especially those for which all the harmonic functions 
have the same positions. 

To investigate black hole scattering and black hole bound states a new way to 
construct these metrics may be required. Although the moduli space of n black 
holes can be identified with the configuration space of n particles, the computation 
of the metric is local. A different construction may provide the tools to find closed 
geodesies in the black hole moduli spaces and so investigate the presence of black 
hole bound states. 

Acknowledgments: We thank S. Ferrara, R. Kallosh and A. Strominger for 
helpful suggestions and comments. J.G. thanks EPSRC for a studentship. G.P. is 
supported by a University Research Fellowship from the Royal Society. 
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